resemble streamwise vortices and streaks. A somewhat
Introduction
In this paper, we analyze the dynamical properties of the Navier-Stokes (NS) equations with spatially distributed and temporally varying body force fields. These fields are considered a s inputs, while various combinations of the resulting velocity fields are considered as outputs. This input-output analysis can in principle be done in any geometry and for the full nonlinear NS equations. In such generality however, it is difficult to obtain useful results. We therefore concentrate on the geometry of channel flows, and the inputoutput dynamics of the LNS equations.
Our work is greatly influenced by recent research in what has become known as transient growth mechanisms for bypass transitions. We will only briefly outline some of the more closely related work here, and refer the reader to the recent monograph [l] and the references therein for a fuller discussion. The main point of departure of this work from classical linear hydrodynamic stability is the fact that the latter is concerned solely with the existence of exponentially growing modes. In other words, it is essentially an asymptotic analysis of infinite time limits. In certain flows however, transient (finite-time) phenomena appear to play a significant role. While the possibility of transient growth has long been recognized, it is only in the past two decades that effective mathematical methods have been used to analyze it. In [2, 31 initial state with the largest transient energy growth in subcritical flows were discovered using a singular value analysis. These 'worst case' initial states lead to flow structures that 0-7803-7896-2/03/$17.00 02003 I E E E different analysis is done by computing the pseudospectrum rather than the spectrum of the generating dynamics [4] , and the most unstable pseudo-spectral modes turn out to be related to streamwise vortices and streaks. A third analysis method [ 5 , 6) studies the most energetic response of the linearized Navier-Stokes equations to stochastic excitation. Yet again, the most energetically excited flow structures appear to resemble streamwise vortices and streaks. The common theme between the three methods is that a certain norm of the perturbed flow state is used (namely kinetic energy density), and the responses with respect to various types of uncertainties are analyzed.
Our presentation is organized as follows: in section 2, we give a dynamical description of the flow fluctuations, introduce a notion of a spatio-temporal frequency response and define different frequency response quantities that can be determined based on it. In 5 3, we present various portions of the spatio-temporal frequency response for Poiseuille flow at R = 2000. Our main aim is to illustrate the input-output resonances from forcing inputs in different directions to different components of the velocity field. These input-output resonances turn out to always resemble streamwise vortices and streaks, and a comparison between them and internal resonances (TS waves) is given using the frequency response. One of our other conclusions is that forcing in the spanwise and wall normal directions is respectively much more influential on flow perturbations than forcing in the streamwise direction. These facts have recently been observed in studies of flow control using the Lorentz force [7, 8, 91. An analytical explanation for this as well as formulae for the dependence of this influence on the Reynolds number is given in 3 4. We conclude by remarking on the utility of inputoutput analysis, and more generally analysis of effects of uncertainty on transitional and fully turbulent flows and their control. 
The spatzo-temporal frequency response of system (1) is given by For stable systems, the quantity defined by (4) can be determined based on solutions of the operator Lyapunov equations of the form 27r -,
where .A*, B', and C* represent adjoints of operators A, B, and C, respectively.
It is also relevant to investigate frequency domain properties of the operators that map different components of the external excitation field to the chosen output. By performing analyses of this type, one can derive important conclusions about the effectiveness of an input applied in a certain spatial direction, and relative importance of different velocity field components.
Clearly, operator "(k,, k,, w ) can be represented as In this paper we confine our attention to the analysis of the l-12-norm-like quantities for system (1). We note that the analysis of the different portions of the frequency responses will shed light on different aspects of system's dynamics. This is illustrated in 3 3 where we discuss the results obtained by numerical computations of different notions defined here for Poiseuille flow.
Frequency responses in Poiseuille flow
In this section we study the results obtained by computing various "2-norm-like quantities for the NS equations linearized around a nominal velocity profile of the form U(y) = 1 -y2 at R = 2000. All results presented here are obtained numerically using the scheme described in [lo] , with 30 v and wy basis functions. By increasing the number of basis functions it is confirmed that this resolution is high enough. The "2-normlike quantities are determined based on solutions of the corresponding Lyapunov equations, with 50 x 90 grid points in the wave-number space (k,, k , ) . These points are chosen in the logarithmic scale with {kXmin := k , , , , := 3.02) and {kzmin := lo-', I C, , ,
15.84).
Plots of Clearly, this amplification becomes larger when nonzero streamwise wave-numbers are considered. This can be attributed to the fact that away from the k,-axis w is a function of both wall-normal velocity and wallnormal vorticity (cf. (2)). The latter quantity achieves much bigger magnitudes than the former due to the aforementioned coupling between them, and it is responsible for the input-output resonances observed in the far right plot.
The numerical computations of this section are strengthened by a rigorous analysis of the various 3-12-norms of the streamwise constant three-dimensional channel flow perturbations. These analytical consideration are presented in 3 4.
[ l l~u l l~l (kx, k z ) , [113- 1u1121 ( k , , k z ) , and [11%1121 (k5, k z ) 4 Dependence of "2-norm on R at k , = 0
In this section, we study system (1) in the presence of streamwise constant three-dimensional perturbations, that is at k, = 0. Our considerations are valid for an arbitrary nominal velocity profile V(y). The motivation for a thorough analysis of this particular case stems from numerical computations presented in 5 3
which reveal that the most amplified input-output resonances take place at k, = 0. The results presented here represent a natural continuation of [6] .
We first study the "2-norms of all components of the operator transfer function ( 5 ) , that is The expressions for the terms that multiply R in (7) are the same for all channel flows, as shown in [ll] . On the other hand, the expressions for guy and gut depend on the coupling operator Azl := -iICzU'(y), and therefore these terms are nominal-velocity dependent.
In order to determine the influence of various input field components to the entire velocity field we rewrite system (1) as with {s = z, y, z}. We are now able to state the following corollary of Theorem 1. where 5 
Concluding Remarks
The main objective of the present study has been to analyze the LNS equations from an input-output point of view. In particular, we have investigated the spatiotemporal frequency responses of these equations. The starting point of our study has been an evolution model where the LNS equations are subject to body forces that model external excitations. We have analyzed this forced evolution model both numerically and analytically by deriving the exact formulae for particular frequency response quantities. We have shown that under external excitations, the input-output resonances of the equations occur at different spatio-temporal frequencies than the 'under-damped modes' of the system. These under-damped modes represent TS waves, while the input-output resonances are related to the streamwise vortices and streaks and oblique waves, which are ubiquitous in both transitional channel and boundary layer flows.
The analytical derivations presented in § 4 indicate that all channel flows with a streamwise direction mean velocity that depends only on the wall-normal coordinate are almost alike. This is an important discovery which, for example, indicates that the perturbations around laminar and turbulent wall-bounded flows should act in a similar way. However, the interpretation for these two cases is different. While the laminar flow perturbations initiate transition and consequently lead to turbulence, their turbulent flow counterparts are primarily responsible for sustenance of the turbulent state. Regardless of the interpretation, our results underscore the importance of non-modal effects in both transitional and fully turbulent channel flows.
From control point of view the current work can be considered as a control oriented modelling. We have shown that input-output analysis of the LNS equations in the frequency domain has significant implications for control of both transitional and fully turbulent channel flows. With regard to passive control strategies, our results indicate the spatial directions in which the application of external body forces is most effective. Furthermore, our analysis identifies the dominant flow structures and the regions in the frequency space corresponding to these structures. This represents an important information for the application of feedback control. Arguably, once the phenomena responsible for the transition to turbulence have been properly identified, modelled, and the control objective defined accordingly, feedback control design will be much more likely to give satisfactory results at much higher Reynolds numbers than currently possible [12, 13). flows, as demonstrated in [ll] . The terms responsible for the O ( R 3 ) energy amplification are shown in the middle (Couette flow) and right (Poiseuille flow) plots.
